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Abstract
We introduce the notion of a ‘q-ideal in a commutative Banach algebra, and investigate the relation
between q-ideals and maximal ideals constructively.
© 2006 Elsevier Inc. All rights reserved.
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Throughout this paper, B denotes a separable (complex) commutative Banach algebra with
identity e, and (an)n1 a ﬁxed dense sequence in B. We denote the dual of B by B∗, the unit ball
of B∗ by B∗1 , and the spectrum (character space) of B by .
The fundamentals of the constructive 1 theory of commutative Banach algebras were ﬁrst
discussed in the ﬁnal chapter of [4]. That discussion was superseded by Bishop’s smoother de-
velopment in [5]. We begin by stating some of those fundamentals from [5, Chapter 9].
First, there exist strictly decreasing sequences r = (rn)n1 of positive numbers converging to
0 such that for each n the set
rn =
{
u ∈ B∗1 :
∣∣u(aiaj ) − u(ai)u(aj )
∣∣ rn (1 i, jn) ; |1 − u(e)| rn
}
is weak∗-compact. We call such a sequence admissible. Clearly,  = ⋂∞n=1 rn . However, a
Brouwerian example shows that the compactness of  cannot, in general be established construc-
tively. On the other hand, if x1, . . . , xn are elements ofB,N is a positive integer, and  is a positive
∗ Corresponding author.
E-mail address: d.bridges@math.canterbury.ac.nz (D. Bridges).
1 By “constructive mathematics’’we mean mathematics with intuitionistic logic and an appropriate foundation such as
Aczel’s CST [1].
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number such that
|u(x1)| + · · · + |u(xn)| 
(
u ∈ rN
)
,
then there exist y1, . . . , yn in B such that x1y1 + · · · + xnyn = e.
Given that, classically, the maximal ideals of B are precisely the kernels of characters, we
introduce the following notion of approximate ideal as a weakening of the notion of ‘character’.
By an approximate character of B we mean a pair (r, u) consisting of an admissible sequence
r = (rn)n1 and a sequence u = (un)n1 such that un ∈ rn for each n. The corresponding
q-ideal is 2
Mr,u =
{
x ∈ B: lim
n→∞ un(x) = 0
}
.
Note that every subset S of B has a complement
∼ S := {x ∈ B:∀y∈S (x = y)
}
and a metric complement
−S = {x ∈ B: ∃>0∀y∈S (‖x − y‖ > )
}
.
An ideal I of B is proper if e ∈∼ I . A proper ideal I in B is maximal if for each x ∈∼ I the ideal
(I, x) generated by I ∪ {x} is the whole algebra B.
In the following we examine maximal and q-ideals, produce some limiting counterexamples
to classical results, and, with the help of Brouwer’s continuity principle and fan theorem, give
conditions under which a q-ideal is maximal.
An important property in constructive analysis is that of locatedness: a subset S of a metric
space X is located if the distance
 (x, S) := inf { (x, s) : s ∈ S}
exists for each x ∈ X. A proper ideal of a commutative Banach algebra is located and maximal
if and only if it is the kernel of a (unique) character of the algebra [6, Theorem 7].
Proposition 1. The intersection of a countable family of located q-ideals of B is a q-ideal.
Proof. Let (Mn)n1 be a sequence of located q-ideals. Then for each n there exists a character
vn of B such that Mn = ker vn. Let u := (un)n1 be the sequence
(v1, v2, v1, v2, v3, v1, v2, v3, v4, . . .) ,
and let (rn)n1 be any admissible sequence of positive numbers. Then
x ∈
⋂
n1
Mn ⇔ ∀ n (vn(x) = 0)
⇔ lim
n→∞ un(x) = 0,
so
⋂
n1 Mn = Mr,u. 
2 The unimaginative name ‘q-ideal’ comes from our previous use of quasimaximal ideal a name we abandoned after it
turned out that in the Banach algebra C(X), where X is a compact metric space, every proper closed ideal is classically a
q-ideal; see Proposition 4.
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Proposition 2. If (r, u) is an approximate character of B, then Mr,u is a proper closed ideal in
B, and e ∈ −Mr,u.
Proof. It is clear that Mr,u, is an additive subgroup of B. Let x ∈ Mr,u, y ∈ B, and 0 < ε < 1.
Choose i, j so large that
‖x − ai‖ < (1 + ‖y‖)−1 ε,
∥∥y − aj
∥∥ < (1 + ‖x‖)−1 ε, and ∥∥xy − aiaj
∥∥ < ε.
Then choose n so large that rn < ε, |un(x)| < 1, |un(y)| < ε, and i, jn. We have
|un(xy)|  |un(xy) − un(x)un(y)| + |un(x)| |un(y)|

∣∣un(xy) − un(aiaj )
∣∣+ ∣∣un(aiaj ) − un(ai)un(aj )
∣∣
+ |un(ai)|
∣∣un(aj ) − un(y)
∣∣+ |un(y)| |un(ai) − un(x)| + ε

∥∥xy − aiaj
∥∥+ rn + ‖ai‖
∥∥aj − y
∥∥+ ‖y‖ ‖ai − x‖ + ε
< ε + ε + (1 + ‖x‖) ∥∥aj − y
∥∥+ ε + ε
< 5ε.
Since ε is arbitrary, it follows that xy ∈ Mr,u. Thus Mr,u is an ideal in B.
If x ∈ Mr,u, then for each ε > 0 and for all sufﬁciently large n we have |un(x)| < ε < 1− ε <
|un(e)| so ‖e − x‖ > 1− 2ε. Hence ‖e − x‖ 1 and e ∈ −Mr,u. It remains to prove that Mr,u is
closed. To this end, given x ∈ Mr,u and ε > 0, we choose y ∈ Mr,u such that ‖x − y‖ < ε, and
then N such that |un(y)| < ε for all nN . For all such n we have
|un(x)|  ‖x − y‖ + |un(y)| < 2ε.
Since ε > 0 is arbitrary, we conclude that limn→∞ un(x) = 0 and hence that x ∈ Mr,u. 
Although, as we shall see later, we cannot guarantee that a separable proper ideal is contained
in a maximal ideal, we can be sure that it is contained in a q-ideal.
Proposition 3. Every separable proper ideal in B is contained in a q-ideal. More exactly, if
(xn)n1 is a dense sequence in a separable proper ideal I of B, and if r = (rn)n1 is an admissible
sequence of positive numbers strictly decreasing to 0, then there exists an approximate character
(r, u) such that |un(xk)| < 2−n whenever 1kn, and such that I ⊂ Mr,u.
Proof. For each n, since the mapping
u |u(x1)| + · · · + |u(xn)|
is uniformly continuous on the weak∗-compact subset rn of B∗1 , the real number
n = inf
{|u(x1)| + · · · + |u(xn)| : u ∈ rn
}
exists [5, p. 94, (4.3)]. If n > 0, then there exist y1, . . . , yn in B such that x1y1 +· · ·+xnyn = e,
so e ∈ I and therefore I = B, a contradiction; hence n = 0.We can therefore construct un ∈ rn
such that
|un(x1)| + · · · + |un(xn)| < 2−n.
Setting u = (un)n1, we see that (r, u) is an approximate character ofB.Also, limn→∞ un(xk) =
0 for each k. An approximation argument now shows that limn→∞ un(x) = 0 for each x ∈ I so
I ⊂ Mr,u. 
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An ideal M in B is weakly maximal if each proper ideal I that contains M actually equals M .
The relationship between maximal and weakly maximal ideals is not as simple constructively as
it is classically; see [8].
For a single maximal ideal we can trade locatedness in Proposition 1 for separability plus weak
maximality.
Proposition 4. A separable weakly maximal ideal M in B is a q-ideal. Moreover, if (r, u) is an
approximate character of B such that M = Mr,u, and if un(x) is bounded away from 0 for all
sufﬁciently large n, then x ∈ −M . If also M is maximal, then x ∈∼ M if and only if (un(x))n1
is bounded away from 0 for all sufﬁciently large n, and ∼ M = −M .
Proof. Let r = (rn)n1 be a strictly decreasing admissible sequence of positive numbers con-
verging to 0. The preceding proposition shows that there exists an approximate character (r, u) of
B such that M ⊂ Mr,u. Since Mr,u is a proper ideal, by Proposition 2, and M is weakly maximal,
we must have M = Mr,u. Suppose that |un(x)|  > 0 for all nN1. Given y ∈ Mr,u, choose
NN1 such that |un(y)| < /2 for all nN . Then for all such n we have
‖x − y‖  |un(x) − un(y)|  |un(x)| − |un(y)| > /2.
Hence x ∈ −Mr,u = −M .
Now suppose, in addition, that M is maximal, and consider any x ∈∼ M . Since (M, x) = B,
there exist m ∈ M and b ∈ B such that e = m + bx. For all sufﬁciently large n we have
|un(e) − un (m) − un(bx)| < 1/5, |un(e)| > 4/5, and |un(bx) − un(b)un(x)| < 1/5; whence
|un(b)| |un(x)| > |un (bx)| − 15
> |un(e)| − |un(m)| − 25
> 25 − |un(m)| .
But un(m) → 0 as n → ∞, so for all sufﬁciently large n we have |un(m)| < 1/5; whence
1
5 < |un(b)| |un(x)|  ‖b‖ |un(x)|
and therefore |un(x)| > 15‖b‖ . It follows from an earlier part of the proof that x ∈ −M . Hence∼M ⊂ −M . The reverse inclusion is trivial. 
One might reasonably hope that q-ideals would be located; but in recursive constructive
mathematics—mathematics with intuitionistic logic and the Church–Markov–Turing thesis (see
[10, Chapter 3])—we can produce an explicit counterexample. For this, let B be the Banach
algebra C(I) of continuous real-valued functions on I = [0, 1], and let (rn) be a strictly increas-
ing Specker sequence in I —that is, a sequence that is eventually bounded away from each real
number. For each n let un be the character of B deﬁned by un(f ) = f (rn). Then
Mr,u =
{
f ∈ B: lim
n→∞ f (rn) = 0
}
is a q-ideal in B. Suppose that Mr,u is located. Applying Proposition (8.24), on p. 381 of [5], to
the algebra seminorm f(f,Mr,u) on B, we see that there exists a compact subset K of I such
that
(f,Mr,u) = ‖f ‖K = sup {|f (t)| : t ∈ K}
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for each f ∈ B. In particular,
 limn→∞ f (rn) = 0 if and only if ‖f ‖K = 0;
 
(
f,Mr,u
)
> 0 if and only if ‖f ‖K > 0.
Fixing x ∈ I , choose  > 0 and a positive integer N such that |rn − x|  for all nN . Deﬁne
f ∈ B by
f (t) = max
{
0, 1 − −1 |t − x|
}
.
Then f (rn) = 0 for all nN , so f ∈ Mr,u and therefore ‖f ‖K = 0. Since f (x) = 1, the
continuity of f ensures that  (x,K) > 0. Since x ∈ I was arbitrary, K must be empty, a
contradiction. We conclude that Mr,u cannot be located.
Is every proper located ideal in a commutative Banach algebra necessarily a q-ideal? We do
not know the answer to this question, but in view of the next result and the work of Takamura
[17], the answer for C∗-algebra ideals is ‘yes’.
Proposition 5. Let X be a compact metric space, and I a proper closed located ideal of C(X).
Then I is a q-ideal.
Proof. Deﬁne a seminorm on C(X) by
‖f ‖′ :=  (f, I ) .
Then ‖1‖′ > 0 and ‖fg‖  ‖f ‖ ‖g‖ for all f, g ∈ C(X). It follows from [5, Proposition 8.24, p.
381] that there exists a compact set K ⊂ X such that
‖f ‖′ = ‖f ‖K := sup {|f (x)| : x ∈ K}
for each f ∈ C(X). Clearly,
f ∈ I ⇔ ∀x∈K (f (x) = 0) .
Construct a dense sequence (xn)n1 inK . For each n let vn be the evaluation functional ff (xn)
on C(X); then vn is a character of C(X). Let u := (un)n1 be the sequence
(v1, v2, v1, v2, v3, v1, v2, v3, v4, . . .) ,
and let r be any admissible sequence of positive numbers. Then
f ∈ Mr,u ⇔ ∀ n (vn(f ) = 0)
⇔ ∀ n (f (xn) = 0)
⇔ ∀ x∈K (f (x) = 0) ,
the last step following because (xn) is dense in K and f is uniformly continuous. Thus I is the
q-ideal Mr,u. 
Classically, every proper ideal of a commutative Banach algebra is contained in a maximal
ideal. If we require the containing maximal ideal to be located (which classically it is, trivially),
then, in general, we cannot expect to construct it. This is shown in the following proposition,
whose conclusion is much stronger than that of [6, Proposition 8].
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Proposition 6. every nonzero proper ideal of the Banach algebra C [0, 1] is contained in a
located maximal ideal, then the weak law of excluded middle,
¬P ∨ ¬¬P,
is provable.
Proof. Let B = C [0, 1], let P be any syntactically correct proposition, and deﬁne
G := {g ∈ B : g(0) = 0 ∧ P } ∪ {g ∈ B: g(1) = 0 ∧ ¬P }
∪ {g ∈ B : g(0) = 0 = g(1)} .
Let I be the ideal of B generated by G. Then I is nonzero, since it contains the function g ∈ B
such that g(0) = 0 = g(1), g(1/2) = 1, and g is linear on each of the intervals [0, 1/2] , [1/2, 1]
To see that I is proper, let g1, . . . , gn ∈ G and h1, . . . , hn ∈ B. For each i we have gi(0) =
0 and P , or gi(1) = 0 and ¬P , or gi(0) = 0 = gi(1). If the ﬁrst alternative holds for
some i, then it holds for all i, so
∑n
i=1 gihi (0) = 0; if gi(1) = 0 and ¬P for some i, then∑n
i=1 gihi(1) = 0. If neither of these alternatives holds, then we must have gi(0) = 0 = gi(1)
for each i, so
∑n
i=1 gihi (0) = 0. In each case we have
∑n
i=1 gihi = 1. Hence 1 ∈∼ I and I is
proper.
Now suppose that I is contained in some located maximal idealM ofB. There exists an element
v of  such that M = ker v. By [5, Proposition 8.25, p. 382], there exists  ∈ [0, 1] such that
M = {f ∈ B: f () = 0} . (1)
Either  > 0 or  < 1. In the ﬁrst case we have ¬P ; whereas in the second we have ¬¬P . 
Note that the ideal I in this proof is not located. For, denoting the identity function on [0, 1] by
i, we see that if P holds, then i ∈ I ; whereas if ¬P holds, then  (i, I ) = 1.
In recursive constructive mathematics we can actually produce an example of a nonzero proper
ideal that cannot be contained in a located maximal ideal. Assuming the Church–Markov–Turing
thesis, construct a uniformly continuous mapping f of [0, 1] onto (0, 1] (see [10, Chapter 6]). Let
I be the ideal of C [0, 1] generated by f , and suppose that I is contained in a located maximal
ideal M . There exists a character u of C [0, 1] such that M = ker u. By [5, Proposition 8.25, p.
382], there exists  ∈ [0, 1] such that (1) holds with B = C [0, 1]. In particular, f () = 0, which
contradicts our construction of f .
This ideal has some other amusing properties. For example, it is not hard to show that every
element of its closure has the form gf with g pointwise continuous on [0, 1]. However, if I itself
were closed (equivalently, if it consisted of all elements gf with g ∈ C [0, 1]), then, according to
the work on p. 157 of [6], f would be 0, which is absurd.
When is a located q-ideal maximal? (Certainly not always, as Proposition 5 shows.) To an-
swer the question, we work within the framework of intuitionistic mathematics; that is, we
add both Brouwer’s continuity principle CP and his fan theorem FTD for detachable bars
to our intuitionistic logic (see [12,10, Chapter 5]). We begin with a general intuitionistic re-
sult which ought to be well known but which we cannot ﬁnd anywhere in the
literature.
Proposition 7. CP + FTD If (zn)n1 is a sequence of complex numbers that is eventually
bounded away from each element of the closed unit disc, then there exists a positive integer 
such that |zn| 1 + 2− for all n.
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Proof. Fix with 1/2 <  < 1, and let I =
[ −
1− ,

1−
]
. It will sufﬁce to prove that if (zn)n1 is
a sequence in C that is eventually bounded away from each point of the square I × I , then there
exists a positive integer  such that (zn, I × I )2− for all n.
Let X be the fan consisting of all inﬁnite sequences in {−1, 1}. According to [10, Lemma 2.5,
p. 125], the function
x
∞∑
k=1
xk
k
maps X onto I . Thus the function F :X × X → C deﬁned by
F (x, y) :=
∞∑
k=1
xk
k + i
∞∑
k=1
yk
k
maps X × X onto I × I . Now, X is compact with respect to the metric
 (x, y) := min {n ∈ N+: x(n) = y(n)} ,
soX×X is compact with respect to the corresponding product metric. Let (zn)n1 be a sequence
in C that is eventually bounded away from each point of I × I . Then for each (x, y) ∈ X × X
there exists a positive integer N such that
|zn − F (x, y)| > 2−N (nN) .
ByBrouwer’s continuity principle [10, p. 107], there exists a continuous functionf :X×X → N+
such that
|zn − F(x, y)| > 2−f (x,y) ((x, y) ∈ X × X, nf (x, y)) .
The function
g: (x, y)2−f (x,y)
is then continuous on X × X. Since X × X is compact, a consequence (actually, an equivalent)
of FTD shows that
inf {g(x, y): (x, y) ∈ X × X} > 0.
Choosing a positive integer  such that 2− is less than this inﬁmum, we see that
|zn − F (x, y)| > 2− ((x, y) ∈ X × X, n) .
Since F maps X × X onto I × I , it follows that  (zn, I × I ) 2− for all n. 
Proposition 8. CP + FTD Let (r, u) be an approximate character of the commutative Banach
algebra B, such that Mr,u is located and has the property that for each x ∈ −Mr,u the sequence
(un(x))n1 is eventually bounded away from 0. Then Mr,u is maximal.
Proof. WritingM := Mr,u, we see from Proposition 2 that ‖e‖B/M = (e,M) > 0. Hence Ce is
a one-dimensional, and therefore located, subspace of the quotient space B/M . Given x ∈ −M ,
suppose that B/M (x,Ce) > 0. Then for each  ∈ C we have x − e ∈ −M; whence there exist
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a positive integer N and a positive number  such that |un(x − e)| > 2 for all nN . We may
assume that for all such n we also have |1 − un(e)| < / (1 + ||) and therefore
|un(x) − |  |un(x − e)| − |un(e) − |
> 2 − || |un(e) − 1|
> .
Thus the sequence (un(x))n1 is eventually bounded away from each element of C. In particular,
it is eventually bounded away from each element of the disc B (0, ‖x‖) in C. It follows from
Proposition 7 that there exists a positive integer  such that |un(x)|  ‖x‖ + 2− for all n.
This is absurd, since |un(x)|  ‖x‖ for each n. We conclude that B/M(x,Ce) = 0. Since Ce,
being ﬁnite-dimensional, is closed in B/M , there exists  ∈ C such that x =B/M e and therefore
x − e ∈ M . It follows that
‖e‖ = ‖x − (x − e)‖  (x,M) > 0,
so  = 0 and therefore
e = −1 (x − (x − e)) ∈ (M, x) .
Hence (M, x) = B. 
The following result does not require either CP or FTD .
Proposition 9. LetMr,u be a q-ideal. ThenMr,u is located andmaximal if and only if the sequence
(un)n1 is weak∗-convergent in the dual of B.
Proof. Suppose that Mr,u is located and maximal. Then there exists a character v of B such that
Mr,u = ker v. For each x ∈ B we have x − v(x)e ∈ ker v, so
0 = lim
n→∞ un (x − v(x)e) = limn→∞ (un(x) − v(x)un(e)) = limn→∞ un(x) − v(x),
since un(e) → 1. Hence (un)n1 is weak∗–convergent to v.
Now suppose, conversely, that (un)n1 is weak∗–convergent to an element v of the dual of B.
Then for all i, j we have
∣∣v(aiaj ) − v(ai)v(aj )
∣∣ = lim
n→∞
∣∣un
(
aiaj
)− un(ai)un(aj )
∣∣
 lim
n→∞ rn
= 0.
Since (an)n1 is dense inB, it follows that v is a character. It is simple to prove thatMr,u = ker v;
whence Mr,u is located and maximal. 
We end with two questions:
Is every maximal ideal located?
Is every ideal a q-ideal?
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